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Dynamical generation of low-energy couplings from quark-meson fluctuations
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We extend our recent computation of the low-energy limit of the linear O(4) Quark-Meson Model.
The present analysis focuses on the transformation of the resulting effective action into a nonlinearly
realized effective pion action, whose higher-derivative interaction terms are parametrized by so-called
low-energy couplings. Their counterparts in the linear model are determined from the Functional
Renormalization Group flow of the momentum-dependent four-pion vertex, which is calculated in a
fully O(4)-symmetric approximation by including also momentum-dependent σpi interactions as well
as σ self-interactions. Consequently, these higher-derivative couplings are dynamically generated
solely from quark and meson fluctuations, initialized at a hadronic scale. Despite our restriction
to low-energy degrees of freedom, we find that the qualitative features of the fluctuation dynamics
allow us to comment on the range of validity and on appropriate renormalization scales for purely
pionic effective models.
PACS numbers: 11.10.Hi, 12.39.Fe
I. INTRODUCTION
A time-honored possibility to study the low-energy
regime of the theory of strong interactions, Quantum
Chromodynamics (QCD), is given by Effective Field The-
ories (EFTs). In this approach, one investigates QCD-
inspired effective models that describe the interactions of
the relevant low-energy degrees of freedom, namely, those
of hadrons. In order to capture the low-energy dynam-
ics of the strong interaction properly, the construction of
these models is mainly based on the internal and space-
time symmetries of QCD and their possible breaking.
In the context of low-energy models for QCD, the
most central symmetry is given by the chiral SU(Nf)L×
SU(Nf)R symmetry accidentally arising from the quark
sector of the QCD Lagrangian. Here, Nf refers to the
number of dynamical quark flavors, which will be set to
two, Nf = 2, throughout the rest of this work.
The importance of chiral symmetry is twofold: On the
one hand, the hadronic currents arise as multiplets with
respect to the chiral group. Therefore, group theory
allows for a systematic construction of chirally invari-
ant Lagrangians. On the other hand, the explicit and
spontaneous breaking of chiral symmetry is of immediate
physical relevance. In particular, one observes so-called
pseudo Nambu-Goldstone bosons (pNGBs) in the asso-
ciated particle spectrum. Since these particles are very
light, they dominate the low-energy dynamics of the the-
ory and, consequently, are of crucial importance for a
proper low-energy description. In the case of two-flavor
QCD, these pNGBs are associated with the pion fields.
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In the framework of QCD, the most important exam-
ple of an EFT is given by Chiral Perturbation Theory
(ChPT) [1, 2]. Conceptually, this approach corresponds
to a simultaneous expansion of the QCD generating func-
tional in powers of pion momenta and quark masses.
The associated effective Lagrangian contains an infinite
tower of pion self-interactions coupled by so-called low-
energy constants (LECs). These coupling constants en-
code essential information about the low-energy regime of
QCD. At lowest order in the chiral expansion, the ChPT
Lagrangian is equivalent to the Nonlinear Sigma Model
(NLSM) [3].
Apart from ChPT, it is also possible to construct effec-
tive low-energy models from a linear realization of chiral
symmetry. The resulting family of models is usually re-
ferred to as Linear Sigma Models (LSMs). In contrast
to the nonlinear models, the pNGB fields and their chi-
ral partners are here treated on the same footing. The
simplest and most prominent example of such a model is
given by the O(4) LSM, which describes the interaction
of the σ meson and the three pions.
In a recent work [4], we studied the low-energy limit
of the O(4) LSM coupled to quarks, the so-called Quark-
Meson Model (QMM), within the Functional Renormal-
ization Group (FRG) approach. Besides the Yukawa cou-
pling of the scalar and pseudoscalar mesons to the quark
fields, the O(4) LSM has been extended by complete sets
of derivative couplings of order O(∂2) and O(∂4) for the
pion fields. This corresponds to an approximation well
beyond the usual local potential approximation (LPA)
and LPA’ truncations, where these derivative couplings
are solely generated from meson and quark fluctuations.
After its calculation from the FRG flow, the effective
action of the QMM has been reduced to an effective pion
action by integrating out the σ field, similarly to Refs.
[5, 6]. In this action, the higher-derivative terms are
parametrized by the low-energy couplings of the O(4)
2QMM.
In the present work, we improve and extend the pre-
vious analysis of these low-energy couplings in several
crucial ways:
(i) We transform the effective action of the QMM into
a nonlinearly realized pion action by explicitly re-
stricting the dynamics of the system onto the vac-
uum manifold SO(4)/SO(3). This manifold is as-
sociated to the spontaneous breakdown of the O(4)
symmetry. After choosing a specific set of coor-
dinates on SO(4)/SO(3), we will deduce relations
between the higher-derivative couplings in the lin-
early realized QMM and the nonlinear model fea-
turing only pion dynamics. This nonlinear model
is then referred to as the low-energy limit of the
QMM within this work.
(ii) In order to determine the range of validity of the
low-energy effective theory, we investigate the rela-
tive importance of mesonic and fermionic loop con-
tributions to the renormalization group (RG)-scale
dependence of the low-energy couplings in the non-
linear model.
(iii) We introduce the higher-derivative couplings in the
linear model in a completely O(4)-invariant man-
ner, i.e., taking also momentum dependences of the
interaction of the pion fields with the σ meson into
account, and also include a scale dependence of the
Yukawa interaction.
The paper is organized as follows: In Secs. II and III,
we introduce the basic models, methods, and concepts
that are used in this work. To this end, Secs. II A and
II B briefly review the O(4) LSM, the NLSM, as well as
the nonlinear formalism. Afterwards, Sec. III A focuses
on the higher-derivative interactions in terms of the FRG
truncation. In Sec. III B, we transform the linearly real-
ized effective action of the QMM into its nonlinear coun-
terpart. Finally, Sec. IV presents the numerical results
of the FRG flow within the linear QMM, cf. Sec. IVA,
and the computed low-energy couplings of the associated
nonlinear model, cf. Sec. IVB. The conclusions of this
work as well as an outlook for further investigations is
given in Sec. V.
II. MODELS
In this section, we briefly summarize the most impor-
tant features of the linear QMM and the nonlinear model
with pionic degrees of freedom.
A. The linear Quark-Meson Model
As already mentioned in the introduction, the simplest
model based on a linear realization of chiral symmetry is
given by the O(4) LSM. The basic object of this model
is the four-dimensional Euclidean field-space vector
ϕ =
(
~π
σ
)
. (1)
This vector constitutes the fundamental representation
of O(4) and, hence, transforms as
ϕ
O(4)−−−→ Oϕ, O ∈ O(4). (2)
The Lagrangian of the O(4) LSM is then constructed as
LLSM = 1
2
(∂µϕ) · ∂µϕ− m
2
0
2
ϕ · ϕ− λ
4
(ϕ · ϕ)2 . (3)
The QMM is obtained from the above Lagrangian by
including quarks in a chirally invariant way,
LQMM = 1
2
(∂µϕ) · ∂µϕ− m
2
0
2
ϕ · ϕ− λ
4
(ϕ · ϕ)2 + hESBσ
+ ψ¯ (iγµ∂µ − yΦ5)ψ, (4)
with
Φ5 = σt0 + iγ5~π · ~t, (5)
where t0 = 12/2 and ~t = ~τ/2. Here, ~τ denotes the
usual vector of the Pauli matrices. The normalization
of the generators is chosen such that tr (tatb) = δab/2,
a, b = 0, . . . , 3. The additional term∼hESBσ in the above
Lagrangian describes the explicit breaking of chiral sym-
metry (ESB) by tilting the mesonic potential into the
direction of the σ field.
In addition to the ESB, also the spontaneous break-
ing of chiral symmetry has to be modelled. The latter
is signaled by a nonvanishing order parameter identified
with the vacuum expectation value σ0 of the σ field. This
order parameter is typically introduced by shifting the σ
field according to
σ → σ0 + σ. (6)
B. The nonlinear model
In contrast to the LSM, described by Eq. (3), the field
space of the associated nonlinear model is not given by
the four-dimensional Euclidean space, but by a three-
dimensional submanifold [7]. This field space arises as
a consequence of the pattern of spontaneous symmetry
breaking. It is defined by the degenerate vacua and is
usually denoted as the vacuum manifold. Since the coor-
dinates of this space are in one-to-one correspondence
with the pNGBs, the basic degrees of freedom of the
NLSM are given by the three pion fields.
For the following discussion, we only consider the
SO(4) subgroup of O(4), such that the vacuum mani-
fold of the LSM is given by the space of (left) cosets
SO(4)/SO(3), cf. Refs. [8–10]. Using a representative of
3this coset space, in the following denoted as Σ (ζ), it is
possible to construct the so-called Maurer-Cartan form
αµ(ζ) as
αµ (ζ) = Σ
−1 (ζ) ∂µΣ (ζ) . (7)
It should be emphasized that the coordinates of the coset
space, ζα, α = 1, 2, 3, are usually not exactly identical to
the pion fields, but directly related to them. The Maurer-
Cartan form is defined in the Lie algebra so(4) and can
therefore be expanded as
αµ (ζ) = ie
a
µ (ζ) xa + iω
i
µ (ζ) si, (8)
with coefficients
eaµ (ζ) = e
a
α (ζ) ∂µζ
α, ωiµ (ζ) = ω
i
α (ζ) ∂µζ
α, (9)
where xa, a = 1, 2, 3, denotes the coset generators and si,
i = 1, 2, 3, those of the unbroken SO(3) subgroup. The
coefficients e aα (ζ) define a frame on SO(4)/SO(3) and
the related metric reads
gαβ (ζ) = δab e
a
α (ζ) e
b
β (ζ) , (10)
where α, β = 1, 2, 3 represent curved coset indices.
The simplest Lagrangian that can be constructed from
the above objects is given by
LNLSM = 1
2
Fab e
a
µ (ζ) e
b,µ (ζ) , (11)
where the real-valued matrix F is needed for dimensional
reasons. This Lagrangian is usually called the SO(4)
NLSM and contains the pion self-interaction terms to
arbitrary order in the fields with at most two spacetime
derivatives.
In Appendix A, we review the general transformation
properties of the coset representative and the Maurer-
Cartan form. In addition, we present the transformation
behavior of the nonlinear pion fields for an explicit choice
of coordinates.
III. METHODS
In this section, we discuss the calculation of the lin-
early realized effective action of the QMM and its rela-
tion to the nonlinear model featuring only pionic degrees
of freedom.
A necessary prerequisite for the determination of the
low-energy couplings of the nonlinear model from the ef-
fective action in terms of linearly realized pion fields is
the integration of all nonpionic QCD fluctuations, and,
in particular, the quark loops. Moreover, such a determi-
nation of the low-energy couplings is only meaningful at
scales, where fluctuations of nonpionic fields have already
decoupled from the dynamics.
Before going on, we want to point out that the quark
fluctuations of the QMM simulate full QCD dynamics.
In contrast to the purely mesonic linear model, includ-
ing these quark fluctuations entails the qualitatively cor-
rect decoupling of the mesonic degrees of freedom above
the scale of chiral symmetry breaking. Quantitatively,
pure quark fluctuations are not capable of fully captur-
ing QCD dynamics and, e.g., this decoupling happens
too slowly [11–13]. An investigation of the effect of full
QCD dynamics on the determination of the low-energy
couplings is deferred to future work.
A. Effective action from the
Functional Renormalization Group
The FRG is a nonperturbative continuum method that
formulates the integration of quantum fluctuations in
terms of the RG-scale (k) dependence of the effective av-
erage action Γk, which smoothly interpolates between the
renormalized classical action S at the ultraviolet (UV)
cutoff scale Λ, Γk→Λ = S, and the quantum effective ac-
tion Γ in the infrared (IR), Γk→0 = Γ. The action Γ is
the generating functional for all one-particle irreducible
vertex functions.
The scale evolution of Γk from the UV to the IR is
described by the Wetterich equation [14],
∂kΓk =
1
2
tr
[
∂kRk
(
Γ
(2)
k +Rk
)−1]
=
1
2
, (12)
where the second line introduces the common diagram-
matical notation(
Γ
(2)
k +Rk
)−1
= , ∂kRk = . (13)
The above flow equation contains the regulator function
Rk, which gives an additional mass contribution for low-
energy modes. This means that it effectively acts as an IR
cutoff separating those soft modes from the integration
process. By successively lowering the scale k, the effective
average action Γk includes increasingly more fluctuations
and, in the limit k → 0, all quantum fluctuations are
integrated out.
In order to compute Γk, one has to truncate the system
of vertex functions, since the right-hand side of Eq. (12)
involves the two-point function Γ
(2)
k , which, itself, couples
through the flow to higher n-point functions. A typical
truncation scheme for these vertex functions is given by
a derivative expansion, which we will focus on in the
following; cf. also the introductory Refs. [15–25].
Along the lines of our previous study [4], we choose
the following (Euclidean) truncation for the linearly re-
alized O(4) QMM based on Eq. (4) in Sec. II A and in-
troduce the k-dependent higher-derivative couplings C2,k
4and Z2,k, as well as Ci,k, i = 3, . . . , 8:
Γk =
∫
x
{
Zk
2
(∂µϕ) · ∂µϕ+ Uk − hESBσ
+C2,k (ϕ · ∂µϕ)2 + Z2,k ϕ2 (∂µϕ) · ∂µϕ
−C3,k [(∂µϕ) · ∂µϕ]2 − C4,k [(∂µϕ) · ∂νϕ]2
−C5,k ϕ · (∂µ∂µϕ) (∂νϕ) · ∂νϕ
−C6,k ϕ2 (∂µ∂νϕ) · ∂µ∂νϕ
−C7,k (ϕ · ∂µ∂µϕ)2 − C8,k ϕ2 (∂µ∂µϕ)2
+ ψ¯
(
Zψk γµ∂µ + ykΦ5
)
ψ
}
. (14)
This truncation constitutes a derivative expansion up to
order O(∂4). It is well beyond the LPA and its minimal
extension known as the LPA’. The first would only con-
sider a scale-dependent effective potential Uk, which is a
function of the O(4) invariant ρ,
ρ ≡ ϕ · ϕ = ~π2 + σ2, (15)
while the latter would also take into account the scaling
of the field variables by means of the flow of the wave-
function renormalization factors for bosons and fermions,
Zk and Z
ψ
k . In both of these two approximations, the
higher-derivative couplings would be absent, i.e., they
are set to zero. In the light of Ref. [4], the momentum-
independent coupling C1,k(ϕ ·ϕ)2 is omitted in the above
equation. It is to be indentified with the quartic interac-
tion term of the effective potential.
The parameter hESB 6= 0 explicitly breaks the O(4)
symmetry, as mentioned in the last section, and remains
k independent. For the scale-dependent factors Zk, Z
ψ
k ,
and the Yukawa interaction yk we suppress a general field
dependence. The couplings {C2,k, Z2,k} as well as {Ci,k},
i = 3, . . . , 8, beyond the LPA’ form a complete set of
terms of order O(ϕ4, ∂2) and O(ϕ4, ∂4), respectively. As
an extension of Ref. [4] [cf. Eq. (20) therein], the low-
energy couplings in Eq. (14) now include momentum-de-
pendent σπ and σ self-interactions.
On the level of the two-point functions Γ
(2)
k , we define
different effective wave-function renormalization factors
for the σ and π fields,
Zσk = Zk + 2σ
2 (Z2,k + C2,k)
−2σ2p2 (C6,k + C7,k + C8,k) , (16)
Zpik = Zk + 2σ
2Z2,k − 2σ2p2 (C6,k + C8,k) , (17)
where p is the external momentum from the functional
derivatives with respect to the fields. The corrections to
Zk in these definitions obviously arise from the presence
of the higher-derivative couplings. It should be noted
that the distinction between Zσk and Z
pi
k is not in con-
tradiction to the O(4) symmetry of the model. As soon
as the σ field acquires a nonvanishing expectation value,
σ 6= 0, the wave-function renormalizations will naturally
split.
For later reference, we define the following renormal-
ized quantities based on the wave-function renormaliza-
tion factors Zpik and Z
ψ
k :
σ˜ =
√
Zpik σ, ~˜π =
√
Zpik ~π,
ψ˜ =
√
Zψk ψ,
˜¯ψ =
√
Zψk ψ¯,
h˜ESB =
hESB√
Zpik
, y˜k =
yk
Zψk
√
Zpik
,
C˜i,k =
Ci,k
(Zpik )
2 , i = 1, . . . , 8, Z˜2,k =
Z2,k
(Zpik )
2 , (18)
where we will, for simplicity, evaluate the above wave-
function renormalization factors at vanishing external
momentum, p = 0; cf. the discussion in Appendix B. By
choosing Zpik for both bosonic fields in the definitions (18)
one directly obtains the correct renormalization factors
in the nonlinear model, as presented in the next section.
The flow equations for all scale-dependent quantities in
truncation (14) are obtained by projecting the functional
derivatives of Eq. (12) (the flows of vertex functions) onto
the respective coupling. The resulting expressions for
these equations and further technical aspects, such as
the regulator functions, are shown in Appendix B.
Finally, the integration of the coupled system of dif-
ferential equations then allows for a computation of the
quantities in the linearly realized effective average action
(14) in the IR limit, Γk→0 = Γ; see Appendix C for de-
tails.
B. Effective pion action
A physically meaningful transition from the effective
action to the nonlinear model as effective low-energy the-
ory requires that all fluctuations, except for those of the
pions, should have decoupled from the dynamics at the
energy-momentum scale, where this transition is to be re-
alized. The low-energy limit of the effective action (14),
expressed in terms of the renormalized quantities (18), is
then constructed by integrating out all (already decou-
pled) fields,
Γk
[
σ˜, ~˜π, ˜¯ψ, ψ˜
]
−→ Γk
[
Π˜
]
. (19)
The vector Π˜ = (Π˜1, Π˜2, Π˜3) represents the renormalized
nonlinear pNGB fields, which will be defined below, and
the symbol Γk is kept for the resulting action.
The quark fields are immediately dropped from the
effective action, similarly to the investigations in Refs.
[4, 6], since this integration process is restricted to (at
most) tree-level diagrams. As a consequence, Γk reduces
to the effective action of the usual LSM, modified by the
higher-derivative couplings.
As already mentioned in Sec. II B, the SO(4) NLSM is
defined on the coset space SO(4)/SO(3), which is diffeo-
morphic to the three-sphere S3. The explicit diffeomor-
5phism is given by
ϕ˜ ≡√Zpikϕ = Σ(ζ˜)φ˜, (20)
with φ˜ = (~0, θ˜), where θ˜ =
√
ϕ˜2 defines the radius of the
three-sphere. For the time being, we keep the field θ˜ and
allow fluctuations in radial direction.
The coordinates ζ˜a parametrizing the coset represen-
tative Σ(ζ˜) are chosen as stereographic projections,
ζ˜a =
π˜a
θ˜ + σ˜
, a = 1, 2, 3, (21)
where π˜a and σ˜ are the renormalized Euclidean coor-
dinates of the linear QMM, cf. Sec. III A. An explicit
parametrization of the coset representative then reads
Σ
(
ζ˜
)
=

δab − 2ζ˜
aζ˜b
1+ζ˜2
2ζ˜a
1+ζ˜2
− 2ζ˜b
1+ζ˜2
1−ζ˜2
1+ζ˜2

 . (22)
The coefficients of the Maurer-Cartan form proportional
to the broken generators as well as the metric in Eq. (10)
are thus evaluated as
eaµ
(
ζ˜
) ≡ e aα (ζ˜)∂µζ˜α = 2δ aα
1 + ζ˜2
∂µζ˜
α, (23)
and
gαβ ≡ gαβ
(
ζ˜
)
=
4δαβ(
1 + ζ˜2
)2 , (24)
respectively.
The transition of the LSM to its associated NLSM is
now realized by inserting Eq. (20) into Eq. (14) and iden-
tifying the θ˜ field with the pion decay constant fpi [PCAC
relation; cf. Ref. [4]],
θ˜ = fpi. (25)
This step fixes the radial fluctuations θ˜ to a constant
radius and eliminates the θ˜ field from the effective action.
The resulting nonlinear model can then be written as
Γk =
∫
x
{
f2pi
2
gαβ
(∇µζ˜α)∇µζ˜β
− (C˜6,k + C˜8,k) f4pi gαβ(∇µ∇µζ˜α)(∇ν∇ν ζ˜β)
− (C˜3,k − C˜5,k + C˜6,k + C˜7,k + C˜8,k) f4pi
× gαβgγδ
(∇µζ˜α)(∇µζ˜β)(∇ν ζ˜γ)∇ν ζ˜δ
− C˜4,k f4pi gαβgγδ
(∇µζ˜α)(∇ν ζ˜β)(∇µζ˜γ)∇ν ζ˜δ
− h˜ESB fpi 1− ζ˜
2
1 + ζ˜2
}
, (26)
with ∇µζ˜α ≡ ∂µζ˜α. The action of the covariant deriva-
tive ∇µ on a vector ∂ν ζ˜α is defined as
∇µ∇ν ζ˜α ≡ ∇µ∂ν ζ˜α = ∂µ∂ν ζ˜α + Γαβγ
(
∂µζ˜
β
)
∂ν ζ˜
γ . (27)
In stereographic coordinates, the above Christoffel sym-
bols Γαβγ read
Γαβγ =
2
1 + ζ˜2
(
−δαγ ζ˜β − δαβ ζ˜γ + δβγ ζ˜α
)
. (28)
The effective action (26) resembles Eq. (11) with Fab =
f2piδab for these specific coordinates. Furthermore, it fea-
tures corrections from the ESB term and the higher-
derivative couplings. Its general form is consistent with
the studies on nonlinear sigma models in Refs. [26, 27].
In order to obtain a canonically normalized kinetic
term for the pNGB fields, we introduce a field redefi-
nition according to
ζ˜a → Π˜
a
2fpi
, a = 1, 2, 3. (29)
Expanding all quantities up to fourth order in the new
field variables Π˜a, the above effective action becomes
Γk =
∫
x
{
1
2
(
∂µΠ˜a
)
∂µΠ˜
a +
1
2
M˜2Π,k Π˜aΠ˜a
− C˜1,k
(
Π˜aΠ˜
a
)2
+ Z˜2,k Π˜aΠ˜a
(
∂µΠ˜b
)
∂µΠ˜
b
− C˜3,k
[(
∂µΠ˜a
)
∂µΠ˜
a
]2
− C˜4,k
[(
∂µΠ˜a
)
∂νΠ˜
a
]2
− C˜5,k Π˜a
(
∂µ∂µΠ˜
a
)(
∂νΠ˜b
)
∂νΠ˜
b
− C˜6,k Π˜aΠ˜a
(
∂µ∂νΠ˜b
)
∂µ∂νΠ˜
b
− C˜8,k Π˜aΠ˜a
(
∂µ∂µΠ˜b
)
∂ν∂νΠ˜
b
}
, (30)
where we defined the squared mass of the Π˜a fields,
M˜2Π,k =
h˜ESB
fpi
, (31)
as well as the low-energy couplings
C˜1,k =
M˜2Π,k
8f2pi
,
Z˜2,k = − 1
4f2pi
,
C˜3,k = C˜3,k − C˜5,k + C˜7,k + 2
(
C˜6,k + C˜8,k
)
,
C˜4,k = C˜4,k,
C˜5,k = 2
(
C˜6,k + C˜8,k
)
,
C˜6,k = − C˜6,k − C˜8,k,
C˜8,k = 1
2
(
C˜6,k + C˜8,k
)
. (32)
It should be underlined that Eq. (30) is calculated from
Eq. (26) by integrating several terms by parts in order to
reobtain the term structures of the derivative expansion
(14).
6Figure 1. Higher-derivative couplings of the linear QMM. (a) Scale evolution of the renormalized couplings C˜i,k, i = 3, . . . , 8.
(b) Scale evolution of the renormalized couplings C˜2,k and Z˜2,k; kIR = 1 MeV.
Equation (30) is one of the central results of this paper.
It is the nonlinear counterpart of the linear QMM and, as
repeatedly pointed out, has to be understood as its low-
energy limit. Moreover, we obtained relations between
the low-energy couplings in the linear and the nonlinear
model, cf. Eq. (32).
It is remarkable that the geometrical constraint of fix-
ing the θ˜ field to the constant radius of the three-sphere
restricts the number of possible couplings of order O(∂2)
as well as O(∂4). In the chosen set of coordinates, only
the analogue of Z˜2,k, the coupling Z˜2,k out of the terms
of order O(∂2), “survives” in the nonlinear framework,
while the interaction ∼ C˜2,k vanishes. The same holds
true for the couplings C˜3,k, C˜4,k, C˜5,k, C˜6,k, and C˜8,k in
the case of the terms of order O(∂4). Besides, it obvi-
ously arises a linear dependence in the nonlinear model
between the couplings C˜5,k, C˜6,k, and C˜8,k after fixing the
θ˜ field, see once more Eq. (32).
We observe that the momentum-independent quartic
coupling C˜1,k and the effective potential Uk, in general,
do not enter the low-energy limit. Also, the couplings
C˜2,k and Z˜2,k are irrelevant for the results in the nonlin-
ear effective pion action. They only indirectly influence
the result through the integration process of the system
of flow equations. Furthermore, the couplings C˜1,k and
Z˜2,k are identical to the analytical results for the respec-
tive terms in the ChPT Lagrangian formulated in stere-
ographic coordinates, as can be easily deduced from Ref.
[6]. In fact, within the geometrical constraints on the
vacuum manifold, the coupling Z˜2,k is only a function of
the pion decay constant fpi.
IV. NUMERICAL RESULTS AND DISCUSSION
We now present the numerical results for the higher-
derivative interactions as obtained from the linear QMM,
renormalized at a hadronic cutoff scale of Λ = 500 MeV,
as well as the derived low-energy couplings of the nonlin-
ear model. All additional constituents of truncation (14)
and details on their calculation within the FRG frame-
work are described in Appendix C.
A. Linear model: Higher-derivative couplings
The results for the higher-derivative pion couplings of
the linear QMM are shown in Fig. 1. The subfigures 1(a)
and 1(b) explicitly show how these couplings, initialized
at zero in the UV, become nonzero as soon as the RG
scale k decreases. Their final numerical values in the IR
limit, kIR = 1 MeV, are collected in the column “Linear
model” of Table I.
Since the O(∂2) couplings of the nonlinear model do
not depend on the corresponding couplings of the lin-
ear QMM, we discuss the O(∂4) couplings first. Figure
1(a) reveals that the main contribution to the couplings
C˜i,k, i = 3, . . . , 8, comes from fluctuations with energy-
momentum scales of k ≃ 50− 200 MeV, which is signif-
icantly below the scale of spontaneous chiral symmetry
breaking; kSSB ≃ 300 MeV. We thus conclude that these
couplings are well captured by the low-energy dynam-
Table I. Low-energy (derivative) couplings.a
Linear model Nonlinear model
C˜2 [1/f
2
pi ]× 10 −0.88 . . .
Z˜2 [1/f
2
pi ]× 10 −2.30 Z˜2 [1/f
2
pi ]× 10 −2.50
C˜3 [1/f
4
pi ]× 10
2 2.88 C˜3 [1/f
4
pi ]× 10
2
−4.20
C˜4 [1/f
4
pi ]× 10
2 1.27 C˜4 [1/f
4
pi ]× 10
2 1.27
C˜5 [1/f
4
pi ]× 10
2 4.69 C˜5 [1/f
4
pi ]× 10
2
−2.41
C˜6 [1/f
4
pi ]× 10
2
−2.35 C˜6 [1/f
4
pi ]× 10
2 1.21
C˜7 [1/f
4
pi ]× 10
2 0.02 . . .
C˜8 [1/f
4
pi ]× 10
2 1.14 C˜8 [1/f
4
pi ]× 10
2
−0.60
a Values are given at k = 1 MeV.
7ics of the QMM. Also, given their slow running above
the scale of chiral symmetry breaking, the initial value
of zero seems to be a very reasonable approximation for
these couplings.
Although of less relevance for the low-energy couplings
of the nonlinear model, it is still interesting to investi-
gate also the O(∂2) couplings of the linear QMM. As
already observed in the preceding investigation [4], these
couplings experience a rapid initial change at RG scales
close to the UV cutoff. This rapid initial change of the
couplings of order O(∂2) is an indication that a hadronic
cutoff scale of around 500 MeV is actually too low for a
precise determination of these couplings. However, the
fixed point-like scale evolution of C˜2,k and Z˜2,k at inter-
mediate RG scales suggests that their IR values do not
drastically dependent on the choice of Λ. In future inves-
tigations, the dynamical-hadronization approach [20, 28–
30] will allow for a smooth transition between the funda-
mental interactions and the bosonic operators presented
in this study and, in turn, for a computation of these
couplings directly from quark and gluon fluctuations at
QCD scales, cf. also Refs. [11–13].
B. Nonlinear model: Low-energy couplings
As already argued, the computation of the low-energy
limit of the QMM requires the integration of all nonpionic
fields. Nevertheless, we present the nontrivial O(∂4) low-
energy couplings on all RG scales.
Figure 2 shows the results of applying (32) at every
RG scale. Additionally, we have decomposed the contri-
butions to these couplings into quark and meson loops,
respectively. Despite the fact that the main contribution
to the linear O(∂4) couplings, cf. Fig. 1(a), stems from
fluctuations below the scale of chiral symmetry break-
ing, these couplings are almost exclusively determined by
the quark fluctuations. The mesonic fluctuations and, in
particular, the pionic fluctuations contribute noticeably
to the total couplings only at energies below 200 MeV.
However, also in this energy regime, the main contribu-
tion is due to quark fluctuations. This is in accordance
with functional QCD calculations [11–13] of other low-
energy couplings in the linear realization.
The most astonishing observation in Figs. 2(a), 2(b),
and 2(c) is that the loop contributions from the quark
degrees of freedom are only fully integrated out at scales
below 50 − 100 MeV. This is almost certainly also the
case in full QCD, since functional QCD calculations [11–
13] exhibit an even stronger dominance of qualitatively
similar quark fluctuations. Therefore, we conclude that
the low-energy couplings can only be determined and de-
fined from QCD below these scales, at least in the used
renormalization scheme. Furthermore, this also leads to
a natural cutoff scale for theories that are exclusively
based on pion fluctuations.
Lastly, a comparison with the according values from
ChPT would require compatible renormalization schemes
and comparable renormalization scales. It is also clear
that the computed low-energy couplings presented in this
work do not yet include the effect of resonances, espe-
cially, the light scalar and vector channels.
The numerical IR values of the higher-derivative cou-
plings in the nonlinearly realized effective pion action
are listed in the last column (“Nonlinear model”) of Ta-
ble I. The couplings that vanish in the nonlinear picture
are denoted by three dots. The pion mass amounts to
M˜Π,kIR = 138.5 MeV. The momentum-independent cou-
pling C˜1,kIR has a value of 0.27.
V. SUMMARY AND OUTLOOK
In this work, we studied the low-energy limit of the
O(4) QMM within the FRG approach by transforming
the corresponding effective action into an effective pion
theory. This corresponds to a transition from the QMM
based on a linear realization of the O(4) symmetry to
a model where the pions enter according to a nonlinear
realization.
Our approach yields precise statements about the
energy-momentum scale below which the dynamics is
dominated by pionic degrees of freedom. We find that
for physical pion masses:
(i) The pion loop contributions to the low-energy cou-
plings are strongly suppressed as compared to the
quark loops.
(ii) In our renormalization scheme, the scale for the de-
coupling of the quark fluctuations and, in turn, the
range of validity of the low-energy effective theory
is roughly given by 50− 100 MeV.
Due to the qualitative similarity of the QMM dynamics
to the low-energy limit of QCD, these statements most
likely extrapolate to full QCD, which has to be checked
explicitly in a future investigation.
Upcoming studies will also shed more light on the rela-
tion to ChPT, where this work can be understood as an
extension of Refs. [5, 6]. In particular, it would be very
interesting if the computed low-energy couplings of the
QMM and related effective theories, like the extended
LSM [31], are consistent with the low-energy limit of
QCD (the latter is formalized by means of the LECs in
ChPT). However, as stated above, this would require a
meaningful choice of the renormalization scale in ChPT
with regard to the physical relevance of pion fluctuations.
Moreover, such a comparison implies a profound discus-
sion of the effect of resonances on the low-energy cou-
plings within our approach. One also has to carefully
evaluate how much this comparison would be distorted
by the fact that our analysis is formulated in terms of
the effective action, which has been generated from the
flow of the linearly realized QMM.
Finally, and on a more technical level, the presented
work is an extension of our previous exploratory study [4]
8Figure 2. Low-energy couplings of the nonlinear model. (a) and (b) Scale evolution of the renormalized couplings C˜3,k and C˜4,k,
respectively. (c) Scale evolution of C˜6,k+ C˜8,k representing the renormalized couplings C˜5,k, C˜6,k, and C˜8,k. The evolution of the
couplings (solid lines) is decomposed into fermionic (dashed lines) and bosonic contributions (dash-dotted lines); kIR = 1 MeV.
of higher-derivative pion self-interactions within the FRG
formalism. The used truncation was improved by includ-
ing higher-derivative σπ as well as σ self-interactions in
a completely O(4)-symmetric way. Additionally, we took
also the flow of the Yukawa coupling into account. All
higher-derivative couplings were dynamically generated
from the FRG flow, which was initialized at a hadronic
scale of 500 MeV. The large corrections of the interac-
tions of order O(∂2) right after the initialization suggests
a determination of these couplings from QCD scales in
future investigations. Such an analysis could be carried
out using the dynamical-hadronization procedure [11–
13], which consistently describes mesonic degrees of free-
dom as quark-antiquark bound states.
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Appendix A: Transformation properties
This section is intended to briefly review the transfor-
mation properties of the coset representative and the co-
efficients of the Maurer-Cartan form. It should be noted
that Σ(ζ) is an element of SO(4). Acting on the rep-
resentative from the left by an arbitrary group element
g ∈ SO(4) clearly yields another group element gΣ (ζ).
However, the latter object does not belong to the same
left coset as Σ (ζ). Generally, the representative of this
new coset takes the form Σ (ζ′)h (ζ, g), such that
gΣ (ζ) = Σ (ζ′)h (ζ, g) , (A1)
where h (ζ, g) ∈ SO(3) usually depends on the group el-
ement g ∈ SO(4) and the pNGB fields. This implies
that h (ζ, g) depends on spacetime and is therefore a lo-
cal transformation. Then, Eq. (A1) automatically deter-
9mines the transformation behavior of the pNGB fields,
ζa
SO(4)−−−−→ (ζa)′ ≡ fa (ζ, g) , a = 1, 2, 3, (A2)
where the functions fa depend on the choice of coordi-
nates and, in general, turn out to be nonlinear.
Using Eq. (A1) as well as Eqs. (7) and (8), the transfor-
mation properties of the coefficients of the horizontal and
vertical part of the Maurer-Cartan form can be derived
as
eaµ (ζ)xa
SO(4)−−−−→ h (ζ, g) eaµ (ζ) xah−1 (ζ, g) , (A3)
ωiµ (ζ) si
SO(4)−−−−→ h (ζ, g)ωiµ (ζ) sih−1 (ζ, g)
−ih (ζ, g) ∂µh−1 (ζ, g) . (A4)
In order to illustrate the above formulas by means of
an example, we consider the transformation properties of
the field variables of the models discussed in Secs. II A
and III B. To this end, we start with the Lie algebra so(4)
and choose its basis according to
[si, sj ] = iǫ
k
ij sk,
[si, xb] = iǫ
c
ib xc,
[xa, xb] = iǫ
k
ab sk, (A5)
where the indices i, j, k = 1, 2, 3 label the generators si of
the unbroken SO(3) subgroup and where a, b, c = 1, 2, 3
label the coset generators xa. An explicit realization of
this basis is given by
s1 =


0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

 , x1 =


0 0 0 −i
0 0 0 0
0 0 0 0
i 0 0 0

 ,
s2 =


0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0

 , x2 =


0 0 0 0
0 0 0 −i
0 0 0 0
0 i 0 0

 ,
s3 =


0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

 , x3 =


0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0

 . (A6)
The normalization of the above generators is chosen such
that
tr (sisj) = 2δij ,
tr (xasb) = 2δab,
tr (sixa) = 0, (A7)
for all i, j = 1, 2, 3 and a, b = 1, 2, 3.
Now, we consider an infinitesimal SO(4) transforma-
tion
O ≃ 14 − iαisi − iβaxa, (A8)
where αi and βa denote the group parameters. Using the
isomorphism SO(4) ∼= SU(2)×SU(2) as well as Eq. (2),
one obtains
πa
SU(2)V−−−−−→ πa + ǫ ajc αjπc, σ
SU(2)V−−−−−→ σ, (A9)
πa
SU(2)A−−−−−→ πa − βaσ, σ SU(2)A−−−−−→ σ + βaπa, (A10)
which is the usual transformation behavior of the σ field
and the pions. From these results and by using Eq. (21),
it is possible to derive the transformation behavior of the
nonlinear fields. For the radial field θ, one obtains
θ
SU(2)V−−−−−→ θ, θ SU(2)A−−−−−→ θ, (A11)
while the pNGB fields transform as
ζa
SU(2)V−−−−−→ ζa + ǫ ajc αjζc, (A12)
ζa
SU(2)A−−−−−→ ζa − β
a
2
(
1− ζbζb
)− ζa (βbζb) , (A13)
cf. Eq. (A2). It is a general result that the pNGB fields
transform in a linear representation with respect to the
unbroken subgroup, whereas for coset transformations
their transformation behavior becomes nonlinear.
Appendix B: Flow equations
The regulators Rk in the Wetterich equation (12) ef-
fectively separate the low-energy modes in momentum
space from the integration process by introducing an ad-
ditional mass term. As a function of the RG scale k and
the momentum q, they fulfill the limits
Rk → 0 for k → 0, (B1)
Rk →∞ for k → Λ→∞, (B2)
Rk > 0 for q → 0, (B3)
Rk → 0 for q →∞. (B4)
The explicit expressions for the bosonic and fermionic
regulators used in this work read
Rσk
(
q2
)
= Zσk q
2 r
(
q2
k2
)
, (B5)
Rpik
(
q2
)
= Zpik q
2 r
(
q2
k2
)
, (B6)
Rψk (q) = −iZψk γµqµ r
(
q2
k2
)
, (B7)
where we employ an exponential shape function r of the
generic form [14, 32–35]
r(x) =
xm−1
exp (xm)− 1 , (B8)
with m = 1 for both bosonic and fermionic degrees of
freedom.
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The flow equations for the (unrenormalized) scale-dependent quantities corresponding to truncation (14) are derived
from the Wetterich equation (12) as follows [partly using a diagrammatic representation analogously to Eq. (13); V
denotes the infinite spacetime volume]:
∂kUk = V−1∂kΓk = V−1

 12
σ
+
1
2
π
−
ψ

 , (B9)
∂kyk =
1
2
V−1 1
σ
trγ
[
δ
δψ¯(0)
∂kΓk
←−
δ
δψ(0)
]
=
1
2
V−1 1
σ
trγ

 12
σσ
ψ ψ
ψ
3 3 +
1
2
ππ
ψ ψ
ψ
3 3
−
ψψ
ψ ψ
σ
3 3 −
ψψ
ψ ψ
π
3 3

 , (B10)
∂kZ
σ
k = V−1
d
dp2
∣∣∣∣
p2=0
δ2∂kΓk
δσ(−p)δσ(p)
= V−1 d
dp2
∣∣∣∣
p2=0

 12
σσ
σ σ
σ
3 3 +
1
2
ππ
σ σ
π
3 3 −
ψψ
σ σ
ψ
3 3
−1
2
4
σ σ
σ σ
− 1
2
4
π π
σ σ

 , (B11)
∂kZ
pi
k = V−1
d
dp2
∣∣∣∣
p2=0
δ2∂kΓk
δπ1(−p)δπ1(p)
= V−1 d
dp2
∣∣∣∣
p2=0

 12
σσ
π π
π
3 3 +
1
2
ππ
π π
σ
3 3 −
ψψ
π π
ψ
3 3
−1
2
4
σ σ
π π
− 1
2
4
π π
π π

 , (B12)
∂kZ
ψ
k =
i
4
V−1 d
dp2
∣∣∣∣
p2=0
trγ
[
δ
δψ¯(p)
∂kΓk
←−
δ
δψ(p)
γµpµ
]
=
i
4
V−1 d
dp2
∣∣∣∣
p2=0
trγ



 12
σσ
ψ ψ
ψ
3 3 +
1
2
ππ
ψ ψ
ψ
3 3
11
−
ψψ
ψ ψ
σ
3 3 −
ψψ
ψ ψ
π
3 3

γµpµ

 , (B13)
∂kC2,k =
1
2
V−1 d
dp2
∣∣∣∣
p2=0
δ4∂kΓk
δπ1(p)δπ2(−p)δπ1(0)δπ2(0)
=
1
2
V−1 d
dp2
∣∣∣∣
p2=0


− 1
2
4
3 3
π π
π π
σσ
ππ
− 1
2
4
3 3
π π
π π
ππ
σσ
+
1
2
4 4
π π
π π
σσ
σ
+
1
2
4 4
π π
π π
ππ
π
− 1
2
3
3 4
π
π
π
π
σσ
σπ
− 1
2
3
3 4
π
π
π
π
ππ
πσ
− 1
2
3
4 3
π
π
π
π
σσ
πσ
− 1
2
3
4 3
π
π
π
π
ππ
σπ
+
1
2
33
3 3
ππ
π π
σσ
σ
ππ
+
1
2
33
3 3
ππ
π π
ππ
π
σσ
− 33
3 3
ππ
π π
ψψ
ψ
ψψ


, (B14)
∂kZ2,k =
1
4
V−1 d
dp2
∣∣∣∣
p2=0
δ4∂kΓk
δπ1(p)δπ2(0)δπ1(−p)δπ2(0) , (B15)
∂kC3,k =
5
576
{
208
5
∂kC5,k − 112 ∂kC6,k + 32 ∂kC7,k − 224
5
∂kC8,k + V−1
(
∂
∂p1,µ
∂
∂p2,µ
∂
∂p3,ν
∂
∂p1,ν
− 7
10
∂
∂p1,µ
∂
∂p2,µ
∂
∂p3,ν
∂
∂p2,ν
)∣∣∣∣
p1=p2=p3=0
δ4∂kΓk
δπ1(p1)δπ2(p2)δπ1(p3)δπ2(−p1 − p2 − p3)
}
, (B16)
∂kC4,k = − 1
288
{
− 16 ∂kC5,k − 400 ∂kC6,k + 32 ∂kC7,k − 160 ∂kC8,k + V−1
(
∂
∂p1,µ
∂
∂p2,µ
∂
∂p3,ν
∂
∂p1,ν
−5
2
∂
∂p1,µ
∂
∂p2,µ
∂
∂p3,ν
∂
∂p2,ν
)∣∣∣∣
p1=p2=p3=0
δ4∂kΓk
δπ1(p1)δπ2(p2)δπ1(p3)δπ2(−p1 − p2 − p3)
}
, (B17)
∂kC5,k =
1
96
V−1
(
∂
∂p2,µ
∂
∂p2,µ
∂
∂p2,ν
∂
∂p3,ν
−1
2
∂
∂p2,µ
∂
∂p2,µ
∂
∂p2,ν
∂
∂p2,ν
)∣∣∣∣
p2=p3=0
δ4∂kΓk
δπ1(−p2 − p3)δπ2(p2)δπ1(p3)δπ2(0) , (B18)
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∂kC6,k = − 1
96
{
160 ∂kC5,k + 64 ∂kC7,k + V−1 ∂
∂p2,µ
∂
∂p4,µ
∂
∂p2,ν
∂
∂p4,ν
∣∣∣∣
p2=p4=0
δ4∂kΓk
δπ1(−p2 − p4)δπ2(p2)δπ1(0)δπ2(p4)
− 1
12
V−1 ∂
∂pµ
∂
∂pµ
∂
∂pν
∂
∂pν
∣∣∣∣
p=0
δ4∂kΓk
δπ1(−p)δπ2(0)δπ1(p)δπ2(0)
}
, (B19)
∂kC7,k = − 1
384
V−1 ∂
∂pµ
∂
∂pµ
∂
∂pν
∂
∂pν
∣∣∣∣
p=0
δ4∂kΓk
δπ1(−p)δπ2(p)δπ1(0)δπ2(0) , (B20)
∂kC8,k =
1
96
{
160 ∂kC5,k + 64 ∂kC7,k + V−1 ∂
∂p2,µ
∂
∂p4,µ
∂
∂p2,ν
∂
∂p4,ν
∣∣∣∣
p2=p4=0
δ4∂kΓk
δπ1(−p2 − p4)δπ2(p2)δπ1(0)δπ2(p4)
− 5
24
V−1 ∂
∂pµ
∂
∂pµ
∂
∂pν
∂
∂pν
∣∣∣∣
p=0
δ4∂kΓk
δπ1(−p)δπ2(0)δπ1(p)δπ2(0)
}
. (B21)
As before, p or pi with i ∈ {1, 2, 3, 4} represents the external momentum of the corresponding leg. The diagrams
shown on the right side of the equations include all possible permutations of the external fields. Five- and six-point
vertices are truncated.
Note that the wave-function renormalizations Zσk and Z
pi
k defined in Eqs. (16) and (17) are evaluated at vanishing
external momentum, p2 = 0, i.e.,
Zσk = Zk + 2σ
2 (Z2,k + C2,k) , (B22)
Zpik = Zk + 2σ
2Z2,k. (B23)
Due to the full O(4)-symmetric truncation in Eq. (14), the equations of Zσk and Z
pi
k also include all diagrams with
momentum-dependent four-point vertices. This is in contrast to Ref. [4], where we only considered momentum-
dependent four-pion interactions.
To derive the analytical flow equations we made use of the Mathematica packages FeynCalc [36, 37], DoFun [38],
and FormTracer [39].
Appendix C: Solving the flow equations
We solve the system of coupled flow equations using a
Taylor-polynomial ansatz for the effective potential,
Uk (ρ) =
N∑
n=1
αn,k
n!
(ρ− χ)n , (C1)
where the expansion point χ is scale independent. This
choice of χ follows the considerations of Ref. [40]. The
ansatz (C1) leads to stable results for N = 6, in the sense
that the Taylor solution coincides with the results from
a grid discretization.
The flow equations for the Taylor coefficients αn,k are
obtained from derivatives of the flow equation of the ef-
fective potential,
∂kαn,k =
∂n
∂ρn
∣∣∣∣
χ
∂kUk. (C2)
The equations for the wave-function renormalization fac-
tors, the Yukawa coupling, and the higher-derivative cou-
plings are also evaluated at the constant expansion point
χ, which is chosen to be slightly larger than the IR min-
imum ρ0 of the potential.
We initialize the set of flow equations at the UV cutoff
Λ = 500 MeV, which is a typical scale for the QMM and
Figure 3. Scale evolution of the renormalized sigma, pion,
and quark masses, as well as the pion decay constant; kIR =
1 MeV.
other NJL-like models. In order to capture quark dy-
namics, this scale somewhat exceeds the ones suggested
Table II. UV parameters (Λ = 500 MeV).
χ α1,Λ α2,Λ hESB yΛ
61.342 MeV2 6002 MeV2 1.4 2.75× 106 MeV3 8.96
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Figure 4. Scale evolution of the renormalized Yukawa cou-
pling y˜k; kIR = 1 MeV.
by recent investigations [11–13], which have shown that
the range of validity of these models is around 300 MeV.
At the cutoff Λ, the effective potential is tuned such
that we reproduce experimental data for the meson and
quark masses as well as for the pion decay constant in
the IR, cf. Ref. [41]. The final parameters of this tun-
ing process, including the ESB parameter hESB and the
Yukawa coupling yΛ, are quoted in Table II. The coef-
ficients αn,Λ, which are not shown, are set to zero, i.e.,
αn,Λ = 0 for 2 < n ≤ 6.
The wave-function renormalization factors are initial-
ized with a value of one and the higher-derivative cou-
plings start at zero in the UV. This means that the cou-
plings C˜2,k and Z˜2,k, as well as C˜i,k, i = 3, . . . , 8, are
only dynamically generated during the integration from
the UV to the IR.
The scale-dependent “bare” masses of the σ, π, and
quark fields are computed from the effective potential.
They read
m2σ,k = 2U
′
k(ρ0,k) + 4ρ0,kU
′′
k (ρ0,k), (C3)
m2pi,k = 2U
′
k(ρ0,k), (C4)
m2ψ,k =
y2k
4
ρ0,k, (C5)
where ρ0,k denotes the scale-dependent minimum of the
potential
Uk (ρ)− hESB√ρ. (C6)
It is related to the pion decay constant via the PCAC
relation [4],
fpi,k =
√
Zpik ρ0,k ≡
√
Zpik σ0,k, (C7)
where σ0,k denotes the scale-dependent vacuum expecta-
tion value of the σ field. The renormalized masses corre-
sponding to Eqs. (C3), (C4), and (C5) are given by
M2σ,k =
m2σ,k
Zσk
, M2pi,k =
m2pi,k
Zpik
, M2ψ,k =
m2ψ,k
(Zψk )
2
. (C8)
Figure 5. Scale evolution of the bosonic and fermionic wave-
function renormalization factors Zσk , Z
pi
k , and Z
ψ
k ; kIR =
1 MeV.
After the initialization of the flow, the system of equa-
tions is integrated down to 1 MeV, which is a valid IR
cutoff less than one percent of Λ, at which all k-dependent
quantities are entirely frozen out.
Figure 3 shows the scale dependence of the renormal-
ized masses and the pion decay constant, which is related
to the expectation value of the sigma field via Eq. (C7).
The latter serves as an (approximate) order parameter
for the dynamical O(4)-symmetry breaking [the O(4) in-
variance of the model is also explicitly broken by the
parameter hESB 6= 0].
In the regime close to the UV, the mesonic fields are
approximately degenerate in mass. This is required by
the almost restored O(4) symmetry, as indicated by the
small value of the expectation value of the sigma field.
The quarks are comparatively light in the same regime
and they therefore dominate the RG flow.
For lower energies, the QMM undergoes a crossover
transition and, hence, the spontaneous breaking of the
O(4) symmetry becomes increasingly obvious. At k .
50 MeV, the renormalized masses as well as the pion
decay constant approach their “physical” IR-limit values:
Mσ,kIR = 509.4 MeV, Mpi,kIR ≡ MΠ,kIR = 138.5 MeV,
Mψ,kIR = 296.8 MeV, and fpi,kIR ≡ fpi = 93.8 MeV.
In Fig. 4 we present the RG flow of the renormalized
Yukawa coupling y˜k. Starting with a value of 8.96 at the
UV scale, it shrinks during the integration and picks up
a value of 6.33 in the IR.
The bosonic and fermionic wave-function renormaliza-
tion factors, Zσk , Z
pi
k , and Z
ψ
k , respectively, are plotted
in Fig. 5. The numerical values of Zpik and Z
ψ
k give the
correction from unrenormalized to renormalized quanti-
ties in Eq. (18), e.g., the higher-derivatve couplings C˜2,k,
Z˜2,k, and C˜i,k, i = 3, . . . , 8, differ from C2,k, Z2,k, and
Ci,k, i = 3, . . . , 8, by a factor of 1/(Z
pi
k )
2 ≃ 0.18 in the IR;
ZpikIR = 2.34. In contrast to the bosonic fields, the quark-
field renormalization remains moderate, Zψk = 1.07 at
k = 1 MeV. The factor Zσk , see also Fig. 5, has an
IR value of 1.85. The bosonic wave-function renormal-
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ization factors are evaluated at the constant expansion
point χ ≡ σ2, as introduced in the Taylor polynomial in
Eq. (C1), and, therefore, necessarily differ over the entire
k range.
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